The present paper discusses various mathematical aspects about the rapidity symmetry in chiral Potts model (CPM) in the context of algebraic geometry and group theory . We reanalyze the symmetry group of a rapidity curve in N -state CPM, explore the universal group structure for all N , and further enlarge it to modular symmetries of the complete rapidity family in CPM. As will be shown in the article that all rapidity curves in N -state CPM constitute a Fermat hypersurface in P 3 of degree 2N as the natural generalization of the Fermat K3 elliptic surface (N = 2), we conduct a thorough algebraic geometry study about the rapidity fibration of Fermat surface and its reduced hyperelliptic fibration via techniques in algebraic surface theory. Symmetries of rapidity family in CPM and hyperelliptic family in τ (2) -model are exhibited through the geometrical representation of the universal structural group in mathematics.
Introduction
In the study of the two-dimensional N -state chiral Potts model (for a brief history account, see, e.g. [5] or [17] 
where k ′ , k are temperature-like parameters = 0, ±1 with k 2 + k ′2 = 1. This high genus rapidity curve possesses a large symmetry group, which has played an essential role in the solvability of the N -state chiral Potts model (CPM) as the natural generalization of Ising-model (N = 2). It is easy to see that the following transformations of P 3 preserve the equation ( where ω = e 2πi N , hence induce the symmetry of W k ′ ,k as elements in the automorphism group Aut(W k ′ ,k ). Indeed, for N ≥ 3, Aut(W k ′ ,k ) is an order 4N 3 group generated by automorphisms in (1.2) ( [2] , [21] Proposition 1):
3)
The purpose of this paper is to explore the universal structure of Aut(W k ′ ,k ) for all N , based in part on earlier quantitative studies in [21] , then enlarge the W k ′ ,k -symmetry of a single curve to "modular" symmetries of the complete family of rapidity curves for all (k ′ , k) including the degenerated k ′ = 0, ±1, ∞. The parameters (k ′ , k) of (1.1) can be identified with the 3-vector ratios [k ′ , k, 1] ∈ P 2 in a quadratic hypersurface of P 2 , which is biregular to P 1 via the correspondence Λ := {(k ′ , k) ∈ P 2 |k 2 + k ′2 = 1} ≃ {κ ′ ∈ P 1 }, κ ′ = k ′ + ik = (k ′ − ik) −1 = (
Here κ ′ is a complex parameter including ∞, identified with elements in P 1 via
Note that in (1.4), k ′ = ∞ iff k = ∞ with ik k ′ = 1 or −1, which corresponds to κ ′ = ∞, 0 respectively. Then for each (k ′ , k) ∈ P 2 in (1.4), the four equations in (1.1) defines a rapidity curve in P 3 , i.e.
other than those in (1.1) for k ′ = 0, ±1, ∞, the rest are degenerated curves consisting of N 2 lines of P 3 defined by 5) where (k ′ , k) = (∞, ∞ ± ) denotes the case (k ′ , ik k ′ ) → (∞, ±1) as k ′ → ∞. The collection of all rapidity curves in (1.1) and (1.5) form a family over Λ: 6) which can be identified with a Fermat hypersurface in P 3 of degree 2N (see, (3.1) in the paper).
Hence the symmetry of Fermat rapidity fibration (1.6) over Λ can be studied in the context of algebraic geometry as the natural generalization of the elliptic fibration of Fermat K3 surface (N = 2). In this work, we identify the symmetry group of the rapidity family (1.6) as an extension of the automorphism group (1.3) with P SL 2 (Z 4 ) generated by two "modular" symmetries T, S of the fibration (1.6) (see, Theorem 3.1 in the paper). Due to the lack of difference property of rapidities in (1.1) for N ≥ 3, the computation of some physical interesting quantities in CPM, such as eigenvalue spectrum and eigenvectors [1, 4, 7, 18, 22, 23] or order parameter [8, 9] , relies on the functional-relation method in [10] , by regarding CPM as a descendant of the (six-vertex) τ (2) -model [11] (see, also [24] ), with the τ (2) -spectral parameter lying on some hyperelliptic curves reduced from (1.1). Through the principle of symmetry reduction, the algebraic geometry study of the rapidity fibration (1.6) can be carried over to the complete family of hyperelliptic curves. We are able to determine the geometrical properties and symmetries of the hyperelliptic fibration, especially the singularity structure around degenerated curves, by techniques of surface theory in algebraic geometry. In this paper, we conduct a qualitative investigation of symmetry about the chiral Potts rapidity family in (1.6), in contrast to the usual quantitative approach, where the discussion proceeds through the explicit form of symmetries as in (1.2). The common structural characters of the symmetry group for all N will be our main concern. Indeed, we build a mathematical model in group theory, which contains the universal structure of automorphism groups of the chiral Potts curve in (1.1) and the rapidity fibration in (1.6). Through the representation of the universal group, one obtains the quantitative expression of symmetries of the rapidity family (1.6), as well reproduces accurately the known ones in (1.2) . This paper is organized as follows. In Section 2, we setup a mathematical model in the context of group-theory formulation for the study of symmetries of chiral Potts curves and rapidity family. The solvable groups and its P SL 2 (Z 4 )-extension, G ⊂ G, G N ⊂ G N (N ≥ 2) (see, (2.1) (2.27) (2.5) (2.32) in the paper), are introduced in Subsection 2.1, where the structures and properties of the groups are discussed in detail by using the approach of mathematical derivations. In Subsection 2.2, we discuss the (Z 2 × D N )-structures as quotients of the CP group G N in group theory, where D N is the dihedral group which, together with Z 2 , describes the symmetries of hyperelliptic curves in τ (2) -model of CPM. The relationship of these (Z 2 × D N )-structures under the action of modular symmetries is also examined through the group structure of G N . Section 3 is devoted to the algebraic geometry study of rapidity family (1.3) in CPM and the hyperelliptic family in τ (2) -model. In Subsection 3.1, we first precisely identify the rapidity family (1.3) of N -state CPM with a degree-2N Fermat hypersurface of P 3 (see, (3.1) in the article). Through the representation theory of structure groups introduced in Section 2, the automorphism group of W k ′ ,k in (1.1) is correctly reproduced via the geometrical representation of G N , as well as the modular symmetries of (1.3) which generate the extended group P SL 2 (Z 4 ) in G N . Furthermore, G N is geometrically characterized as the automorphism group of the rapidity-fibered Fermat surface (Theorem 3.1 in the paper). In Subsection 3.2, we investigate the geometry and symmetry structure of the hyperelliptic(-curve) families in CPM, which are related to the rapidity fibration of Fermat surface by the symmetry reduction. However the global structure of the hyperelliptic family is drastically affected by the reduction process, in particular, the orbifold singularities that occurs in the degenerated fibers. By using techniques in algebraic surface theory and toric geometry, we explicitly construct the minimal resolution of the hyperelliptic-fibered surface. An analysis about the geometry properties and global symmetries of the surface is performed in details by the method of algebraic geometry. In Subsection 3.3, we focus on the N = 2 case, where the rapidity family is the well-known Fermat elliptic K3 surface, and the rapidity discussions in previous sections (in Ising model case) can be also illustrated in the context of uniformalization of elliptic curves. The demonstration provides a conceptual insight about the group-theory approach of CPM symmetry in this work that deserves to be known, as well as some additional informations valid only for N = 2. By using the theta-function representation of rapidity variables, the symmetry of the Fermat K3 elliptic fibration is well described by elliptic and modular transformations of uniformalization parameters. Geometrically, all rapidity families for N = 2 are elliptic K3 surfaces over H/P SL 2 (Z 4 ). Notation: In this paper, we use the standard notations in group theory. Let G be a group, and H, H ′ be subgroups, B be a subset of G. We denote B := the subgroup of G generated by B, B N := the normal subgroup of G generated by B,
(1.7)
Algebraic Theory in Symmetry of Chiral Potts Model
In this section, we build a mathematical model in group theory, based on common properties of rapidity symmetries in CPM. The algebraic formulation of the symmetry groups contains the universal structure and essential characters of automorphism groups appeared in the study of CPM. However, in contrast to the usual quantitative approach in CPM, discussions in this section are carried out in a form of abstract mathematical derivation in group theory, knowledges in rapidities and CPM not required. The connection between the abstract groups in mathematic and the symmetry in CPM will be discussed later in Section 3.
CP group and modular CP group
First we define the group which characterizes the universal structure of automorphism groups of a rapidity curve (1.1) for all N .
Definition:
The universal CP (chiral Potts) group G is the group generated by u 1 , u 2 , U with elements U m u n 2 2 u n 1 1 for m, n 1 , n 2 ∈ Z, whose generators satisfy the relations:
(2.1)
✷
The conditions (2.1) are equivalent to the following relations:
where i = 1, 2. By (2.2), one obtains
Hence G is a solvable group in which u 2 1 , u 2 2 , U generate a abelian normal subgroup of G with the quotient group Z 2 2 :
In general, we define Definition: For N ≥ 2, the (N -state) CP group G N is the quotient group of G by the abelian (normal) subgroup G N generated by u 2N 1 , u 2N 2 , U N :
where
, by the projections in (2.4) and (2.5), G N is a solvable group of order 4N 3 : 6) where G N,1 := G 1 /G N and G N /G N,1 = G. Indeed, the group G N is characterized as the group with three generators u 1 , u 2 , U satisfying the relations in (2.1) and the finite-order condition:
Furthermore, the relation G N ′ ⊇ G N is equivalent to
We now describe the center of G and G N :
Lemma 2.1 Cent(G) = id, and for N ≥ 2, 
, and u 2
. Hence
Then by (2.9), (2.10) and (2.11), v = 1. In the case G N (N ≥ 2), (2.9), (2.10) and (2.11) again hold for an element v ∈ Cent(G N ), i.e. v = u For an element v ∈ G, the conjugation of v on G will be denoted by 12) which preserves the normal subgroup G 1 in (2.4), and induces the identity of the quotient group
By Lemma 2.1, G can regarded as a subgroup of the automorphism group Aut(G) of G by the conjugation (2.12): 14) and (2.13) defines an embedding of
Using (2.2), one finds the relations (U −1 u
2 ). By which, the following correspondences of generators give rise to two automorphisms of G:
which satisfy the relations:
(2.17)
The first equality in (2.17) is equivalent to STS −1 = (TST) −1 , which implies
Indeed by
Since the automorphisms in (2.16) preserve G 1 , G N in (2.4) and (2.5) by
S, T induce the automorphisms of G and G N :
The automorphisms in (2.16), (2.19) then generate the automorphism subgroups of G, G N , denoted respectively by
compatible with the projections of G to G N , G in (2.5), (2.6) respectively:
With the identification G = Z 2 in (2.4), one finds S, T = SL 2 (Z 2 ):
The correspondence of S, T to S, T induces the canonical isomorphisms:
with ( S, T) ↔ ( S, T) ↔ (S, T * ) satisfying the relations:
where S, T * are the standard generators of P SL 2 (Z 4 ):
Proof. Note that u i Uu
. Since both S, T fix the element U, S, T ∩ C(G) ⊆ C(G 1 ) where G 1 is the abelian subgroup in (2.4). Indeed, by (2.16), (2.17) and (S −1 TS) 4 
, one finds
where * · · · * N is the normal subgroup defined in (1.7). Hence the relation (2.23) holds. By a well-known characterization of P SL 2 (Z 4 ), S, T is a quotient group of P SL 2 (Z 4 ) by assigning S, T * in P SL 2 (Z 4 ) to S, T respectively. Together with the induced homomorphisms of quotient groups in (2.20) , we obtain the following group epimorphisms of quotient groups:
Since the kernel of the homomorphism from P SL 2 (Z 4 ) to SL 2 (Z 2 ) is equal to (T * 2 , ST * 2 S −1
2 ), which contains no proper non-trivial normal subgroup of P SL 2 (Z 4 ), the projection from P SL 2 (Z 4 ) to S, T must have the trivial kernel by T 2 = 1, then follow the isomorphisms in (2.22).
Remark. The P SL 2 (Z 4 )-structure of S, T in (2.22) for N = 2 can be explicitly derived by the group structure of G 2 , where the conditions, (2.1) and (2.7), for the G 2 -generators u 1 , u 2 , U are equivalent to
Hence u 1 , u 2 is a normal abelian subgroup of G 2 . By (2.19) and (2.26), both S, T and C(G 1 ) fix U , and leave u 1 , u 2 (≃ Z 2 4 ) invariant, with the generators represented by the following elements in
Consider the semi-product of G and S, T , G * S, T , with the group-multiplication
and define
Definition:
The universal CP modular group
Proof. In G * S, T , one finds
Hence the right hand side of (2.28) is an abelian normal subgroup of G * S, T . Then (2.28) follows from the following equalities:
✷ By (2.25), (2.28), with the identification of G and the inner automorphism group of G via the conjugation (2.14), G in (2.27) can be regarded as an automorphism group of G:
By Lemma 2.1 and (2.28), G and S, T are embedded as subgroups of G. For convenience, we shall write the class of v ∈ G again by v, and the class of 1 * S,
By (2.22), (2.28) and (2.29), one obtains
Indeed, G is defined the first three properties in (2.30) as follows:
Proposition 2.2 G is charactered as the group generated by G and S, T satisfying the relations:
where v ∈ G, and S, T are defined in (2.16) .
Proof. Let G, S, T be the group generated by G and S, T defined by the relation (2.31). Then there is a group epimorphism, ℘ : G, S, T −→ G which is the identity on the normal subgroup G. By the characterization of P SL 2 (Z 4 ), ℘ induces an isomorphism between G, S, T /G and G/G, hence Ker(℘) ⊂ G ⊂ G, S, T . Then ℘ defines the isomorphism between G, S, T and G. ✷ By (2.18), the abelian normal subgroups
Definition: For N ≥ 2, the modular (N -state) CP group is the quotient group of G by G N :
By (2.6), (2.30) and Proposition 2.2, we obtain the following results:
G N is charactered as the group generated by G N and S, T satisfying the relations:
where v ∈ G N , and S, T are defined in (2.19) .
(ii) G N and G N,1 (= G 1 /G N ) are normal subgroups of G N with the following relations:
For an element V ∈ G N , we denote the V-conjugation of G N by C V , and its restriction on G N by
which is the same as C v in (2.13) for v ∈ G N . The first two relations in (2.33) mean
by which, M ∈ S, T ⊂ G N corresponds to M ∈ S, T with the relation C M = M. By (2.22), the conjugation morphism
gives rise to the isomorphism
Since Cent(P SL 2 (Z 4 )) = 1, the kernel of C in (2.36) is contained in G N , and by (2.15),
Note that by composing with the morphism in (2.20), the projection in (2.37) gives rise to the isomorphism
where v ∈ G N and S, T are defined in (2.21).
CP group and Z
The spectral parameter of τ (2) -model in CPM lies in a hyperelliptic curves with (Z 2 × D N )-symmetry, where D N is the dihedral group. In this subsection, we study the (Z 2 × D N )-structures reduced from the CP group G N from the group-theory point of view, and examine their relationship under the action of G N . First, we consider the subgroup of G 1 in (2.4), which is normal in the universal CP group G:
where the G-conjugation on the generators of G ′ 1 is given by C U|G ′ 1 = id, and
For N ≥ 2, the image of G ′ 1 in G N under the projection in (2.32) will be denoted by 
(2.45) By (2.41), the above groups are normal in G, interchanged under S, T . First, we give another characterization of G through the abelian normal subgroup H in (2.45).
Lemma 2.4
The universal CP group G is characterized as the group with generators V 0 , V 1 , U and i, j satisfying the relations:
where V 0 , V 1 and i, j are related to the generators U, u 1 , u 2 of G by the relations
Proof. With the expression of V k , i, j in terms of U, u 1 , u 2 in (2.47), (2.1) and (2.2) yield the relation (2.46). Conversely, if V 0 , V 1 and U, i, j satisfy the relation (2.46), using the expression of 
where Θ, Υ, I are the classes of U, j, i in G/ V 0 , V 1 respectively.
By modular the subgroup G N of G in (2.5), we obtain three normal subgroups of the CP group G N from (2.45), with the sets of generators: 
where V 0 , V 1 , U and i, j are related to U, u 1 , u 2 in (2.5) by
) produces a representation of (2.50). In particular, by using (2.1) and (2.41), the conjugation C v for v ∈ G N gives rise to the following representations of (2.50):
where V 0 , V 1 , j, i are in (2.51), and
Similarly, by using (2.16), (2.33) and (2.41), there are two other representations of (2.50):
by which one finds two (Z 2 × D N )-structures related to G N :
(2.55)
We now study the change of structures in (2.52) under the conjugation action of S, T (⊆ G N ) in (2.36). N Proof. Note that the equality of a pair subgroups in (2.49) is equivalent to H = H l = H r = G ′ N,1 . When N = 2, U 2 = 1, hence follows (i). When N ≥ 3, the order of G ′ N,1 > N 2 , by which the three subgroups in (2.49) are distinct. If C M (H) = H l and C M (H • ) = H • l for some M ∈ S, T , using (2.41), one finds C M (H) = G ′ N,1 , which contradicts N ≥ 3. Hence follows (ii). ✷ Using Lemma 2.5, we can determine the normalizer of H, H l , H r in G N for N ≥ 3. 
Lemma 2.5 (i) For
By conjugation of S −1 , ST −1 S −1 on N (H), one obtains the normalizers of H l , H r : 
(2.58)
(ii) The following equalities hold for elements in T −1 , ST 2 S −1 and G N : In this section, we make a thorough investigation about the algebraic geometry structure of the rapidity family (1.6) and its related family of hyperelliptic curves in τ (2) -model. The symmetry of these fibrations is studied through the geometrical representation of the structure group introduced in Section 2.
Fermat surface and symmetry group of the rapidity family in Chiral Potts Model
The family in W in (1.6) is a subvariety in Λ × P 3 with a projection to P 3 ,
Indeed, the above projection induces an isomorphism between W and a Fermat hypersurface of P 3 :
Proposition 3.1 The complete family (1.6) of CP rapidity curves is isomorphic to the following Fermat surface in P 3 :
Proof. For convenience, in this proof, we denote he Fermat surface on the right of (3.1) by F. It is obvious that
is defined by the right two equations of (1.1) in the form:
by which 2N + d 2N ) . The constraint of (k ′ , k) for Λ in (1.4) is equivalent to the Fermat relation of F. When k = 0, W ±1,0 in (1.5) consists of rational curves in F defined by (a N , c N ) = ±(−b N , d N ) respectively. In order to show the one-to-one correspondence in (3.1), it suffices to construct the projection π from F to Λ in (1.4). For an element p = [a, b, c, d] ∈ F, one can find k ′ , k ∈ P 1 satisfying the relation (3.2) when c 2N − d 2N = 0, equivalently, (
, where in the formal case, we define π(p) := (±1, 0).
. Furthermore, by the construction of π, we find the fiber
Remark. In the proof of the above Proposition 3.1, we find that (a N , c N ) = ±(b N , d N ) define the 2N 2 "horizontal" lines of the fibration (3.1), whose intersection with W k,k in (1.1) are the vertical rapidity in superintegrable CPM [1, 3, 13, 23] . ✷ From now on, we shall identify the family of CP rapidity curves, W in (1.6), with the Fermat hypersurface in (3.1). We now identify the modular (N -state) CP group G N in (2.32) with the automorphism group of the fibration W over Λ in (3.1). Represent the generators of G N in (2.32) by the following automorphisms of W:
where ω 
Hence by (1.3), G N can be identified with the automorphism group of W k ′ ,k in (1.1) when N ≥ 3:
By (2.6), Aut(W k ′ ,k ) is a solvable group 1 of order 4N 3 . For N ≥ 2, the transformations S, T in (3.3) are automorphisms of the fibration W over Λ in (3.1) with the properties
Indeed, the quotient group in (2.37)
acts on the parameter space Λ, where S, T are the classes of S, T in G N /G N , identified with the generators of P SL 2 (Z 4 ) in (2.24). With the identification of (k ′ , k) ∈ Λ and κ ′ ∈ P 1 in (1.4) , the action of G N /G N on Λ are generated by
Lemma 3. 
Proof. With the identification in (1.4):
. Note that there are three types of degenerated parameters:
Consider the following subgroup of Aut(Λ, Λ deg ):
By (3.8), one finds S, T ∈ Aut(Λ, ⊔ k Λ deg,k ):
and the normal subgroup
by which through the morphism
, the quotient group can be embedded into the automorphism group of P 1 permuting three elements ∞, ±1: 
. By composing with some elements in Aut(Λ, ⊔ k Λ deg,k ), we may assume φ(∞) = ∞, φ(0) = 1. Then φ(κ ′ ) = ακ ′ + 1 for some α ∈ C with {±α + 1, ±iα + 1} = {0, −1, ±i}, which leads to a contradiction. ✷
Remark. There are 24 elements φ ∈ Aut(Λ, Λ deg ) with Write φ = M for some M ∈ S, T in (3.8), then M gives rise to an isomorphism of the fibration
as those in (3.6). ✷ Using Lemma 3.1, we now show Proof. It is obvious that the representation (3.3) embeds G N into the automorphism subgroup of the fibration W (N ) over Λ. Suppose Φ is an automorphism of W (N ) over Λ. We are going to show Φ ∈ G N . Since Φ induces an automorphism of Λ preserving the degenerated-parameter set Λ deg , by (3.8) and composing with some automorphism in G N , we may assume Φ induces the identity on the base Λ. Hence Φ preserves each fiber W k ′ ,k of W. When N ≥ 3, the relation (3.5) yields Φ ∈ G N . It remains the case N = 2, where W (2) is a K3 surface with an elliptic fibration over Λ. It is known that line bundles of W (2) are described by cohomology elements in
The hyperplane section of P 3 and a general fiber of the fibration 
we may assume Φ leaves a 2 invariant, by which one finds all a 2 , b 2 , c 2 , d 2 invariant under Φ. Hence Φ ∈ u 2 1 , u 2 2 , U . This shows G N is the automorphism group of W (N ) over Λ for all N , whose order is given by (2.34). ✷ Remark. In the case N = 2, every W (2) k ′ k in (1.1) is an elliptic curve with infinity many symmetries. However only 32 symmetries (in G 2 ) are preserved in the elliptic family W (2) , which are contained in the symmetry group G 2 . In section 3.3, we shall discuss the elliptic K3 surface W (2) k ′ k via uniformization of elliptic curves. ✷ We now describe all the projective lines of P 3 in (3.1). 
Proposition 3.2 The projective lines in the Fermat hypersurface (3.1) and degenerated fibers in (1.5) are related by
Proof. Note that G N leaves each set of equations in (3.11) invariant, hence permutes the 4N 2 lines of its zero-locus, which contains two degenerated fibers as two G N -orbits. First, we consider the first set of equations in (3.11) with the zero-locus
on which G N in (3.5) acts by
Hence there are three
the union of which is the singular set of L i,j . Hence follows the singular set of W ±1,0 in (3.12). Indeed, each L i,j consists of N 2 lines,
is a horizontal lines of (1.5) since the restriction of π defines a N -fold cover of
where u 2 is given in (3.3). Therefore we obtain the conclusion for the lines in the first set of (3.11). Then follow the results about lines in second and third set in (3.11), which are isomorphic to those in the first set via the automorphisms S, ST S −1 in (3.3). ✷ Remark. (I). By (3.12), there are two sets of singularities for each degenerated fiber in (1.5),
represented by the a-value 0 or 1. For convenience, for (k ′ , k) = (±1, 0), (0, ±1), (∞, ∞ ± ), we denote
By using (3.14) for (i, j) = (0, 1), (1, 0), and its composition with automorphisms S, ST S −1 , one finds each degenerated fiber in (1.5) consists of N 2 lines: 
The family of hyperelliptic curves in chiral Potts model
In this subsection, we describe the family of hyperelliptic curves with the symmetry group Z 2 × D N related to G N in (2.52). First we consider the action of H in (2.49) on the fibration W in (3.1). By (3.4 ), the generators V 0 , V 1 of H are the automorphisms
2). Since
H acts freely on fibers W k ′ ,k in (1.1), the function field of the quotient curve is generated by the H-invariant functions t, λ:
satisfying the equation of a hyperelliptic curve of genus N − 1 with Z 2 × D N symmetry: 18) where the (Z 2 × D N )-structure is provided by (2.51) (2.52) via the representation (3.3):
Indeed, the equation (3.18) defines a surface over Λ with the Z 2 × D N symmetry (3.19):
The fibers over the degenerated parameters are the following rational curves: where the singularity structure can be determined by the local coordinates k, ǫ (= λ ∓ 1), s (= t −1 .
In particular, W is defined by the local equation, k 2 = uǫ 2 near λ = ±1, t = 0, or k 2 = us N near t = ∞, λ = ±1, where u is a non-vanishing local function. We now consider the action of H on W in (1.1), and study the degeneration of curves in (3.18) as (k ′ , k) tends to degenerated parameters. Denote the H-fixed point set of W by (3.12) or (3.15) :
Lemma 3.2 (i) W H is a finite set consisting of singularities of degenerated fibers in
) 24) with the only intersection at W 0,n
Proof. (i) follows from the expression of automorphisms in H and the Fermat relation of W in (1.1). The irreducible components of a degenerated fiber
, interchanged by H via the relations:
Hence W k ′ ,k /H can be represented by the H-quotient classes in (3.24). ✷ All quotient curves, W k ′ ,,k /H in (3.18) and (3.24), form a family of curves over Λ: 
The local structure of W/H near p is isomorphic to W/ W near p. By (3.12), among the four coordinates a, b, c, d, two are zeros at p, which provide the local coordinate system near p in W. By (3.23), the expression of W gives rise to the local structure of (W/ W , p), then follows (3.27). ✷ Note that the relation (3.17) defines a birational correspondence between W/H in (3.25) and W in (3.20) over Λ:
which allows us to make the identification (3.18) for smooth fibers, with the birational or two-one equivalences between H-classes in (3.24) and components of the degenerated fibers (3.21): In order to replace ̺ by a regular morphism, we consider the minimal resolution W H of W/H,
It is known in algebraic geometry that η is a regular morphism from the non-singular variety [14, 15] or techniques in toric geometry [19] . Consider the first type of singularity p in (3.27) with the local coordinates ( 
Note that the above automorphisms are the restriction of
respectively, with U u
1 for even N . The induced identification of curves in the orbifold corresponds to the (2 : 1)-morphism in (3.29). Therefore the minimal resolution over Sing 0 ±1,0 provides a resolution of W near (t, λ) = (0, ±1) ∈ W ±1,0 . Next, we examine the behavior of ̺ in (3.30) near the exceptional divisor E p in the minimal resolution
Since the local coordinates (z 1 , z 2 ) of W near p are related to the coordinates of t, λ(=
, by which z N 1 , z N 2 give rise to two regular functions of 
each with self-intersection number −2. 
which are related to the following families of hyperelliptic curves with Z 2 × D N symmetry over Λ:
via the birational correspondence (see, [21] (27)) 3 : 
which induces an action on W H and W in (3.30). Using (3.3), one finds the expression of the N (H)/H-action on W . In particular, the T −1 , ST 2 S −1 -expression of W is given by
with the induced relationship of (Z 2 × D N )-symmetry inherited from those of W in (2.58); for example, T −1 (θ, σ, ι)T = (θ, σ, θ −1 σι) corresponds to the T −1 -relation in (2.58). Note that T : (3.3) , and the automorphism T in (3.38) is the rapidity-identification in the (Kramers-Wannier) duality of chiral Potts model ( [16] , [22] (3.9) (3.12)).
Fermat K3 surface and elliptic fibration
When N = 2, the symmetries discussed in Subsections 3.1 and 3.2 are indeed the elliptic and modular symmetries of elliptic curves expressed by the theta functions of half-integer characteristics: and the algebraic relations: in (3.20) , so the same for W r , W l in (3.34). In fact when N = 2, both W r and W l are isomorphic to W via the following birational correspondences:
W ≃ W r , (t, λ) → (t r , λ r ) = ( (3.43) by which ̺ r , ̺ l in (3.35) are identified with ̺ in (3.28). Since H is a normal subgroup of G 2 , G 2 /H gives rise to an automorphism group of W (2) /H and W . The action of G 2 on W extends the relations in (3.36) through the birational identification (3.43), e.g. the composite W k ′ ,k ≃ W l,k ′ ,k S ≃ W k,k ′ of isomorphisms in (3.43) and (3.36) provides the identification S :
Remark. The birational equivalences in (3.43) hold only in N = 2. When N ≥ 3, W, W r , W l are not birational equivalent.
Concluding Remarks
In this work, we perform a thorough mathematical investigation of symmetries related to rapidities in CPM within the context of group theory. The set-up is conceptually based upon the analysis of common features of rapidity automorphisms (1.2) in N -state CPM for all N , then generalizes the structure to modular symmetries of the rapidity family (1.6) that was revealed in the elliptic K3 surface for N = 2. By using this approach, the various aspects of the structure groups are studied in Section 2. Through the representation theory, the structure group can be identified with the automorphism group of all rapidity curves, which constitute the Fermat hypersurface (3.1). In Section 3, we perform a detailed investigation about the geometrical and symmetry properties of the rapidity fibration of Fermat surface and its associated hyperelliptic-fibered surfaces in CPM, in the context of surface theory in algebraic geometry. In particular, the intriguing configuration as well as the singularity in degenerated rapidities have developed certain special features in the global geometrical structure of algebraic surfaces involved. This paper contains several new observations about the rapidity family of CPM in mathematics and physics, especially those involving the degenerated rapidity curves. Though the structure groups and Fermat rapidity surfaces can be thought of as interesting mathematical topics in their own rights, the physical implications could make it more significant and easier to understand. One relevant physical problem is to find out which ones among N -state CPM provide the same theory in statistical mechanics. A pre-condition is the similarity of their rapidities, or equivalently, the rapidity curves are isomorphic under G Nrelations in (3.3) . Hence the possible temperature candidates are among (3.10). For instance, as hinted at the end of Subsection 3.2, the modular symmetry T responses the Kramers-Wannier duality of chiral Potts model in [22] . Along this line, the possibility of other equivalent theories in CPM is currently under investigation.
